This paper introduces a new model of sleep for mammals. It extends the classic 'two-process' model of sleep to account for differences in external circumstances. We apply this model to previously-collected data on elephants and sloths, comparing sleep patterns in the wild with sleep patterns in captivity. We find that the model does very well in explaining sleeping patterns for both types of animals, in both the captive state and in the wild state.
Introduction
All known forms of animal life must sleep ( [1] ). As with other essential biological functions like eating and breathing, insufficient sleep can lead to serious biological consequences, including death [2] .
The most widely-used mathematical model of sleep, typically referred to as the two-process model, combines two types of biological processes, the circadian cycle and sleep pressure (also referred to as homeostasis) ( [3] , [4] and [5] ). The circadian cycle is a roughly 24-hour pattern of alertness and fatigue that also leads to daily cyclical patterns of body temperature, hunger, metabolic rate, etc.
Sleep pressure increases the longer a subject is awake, with a corresponding increase in the physical desire to sleep. This combination of the circadian cycle and sleep pressure creates a deterministic prediction for sleep patterns and is widely used to explore sleep patterns in humans and animals.
The two-process model summarizes the underlying biological forces determining the sleep cycle. However, the model does not account for substantial day-to-day variation in sleep patterns. From an economic perspective, the model is incomplete in that it ignores the fact that sleep is costly because it implies forgoing other activities that contribute to well-being. Economists would say that sleep has an opportunity cost that varies substantially across individuals and over time [6] .
As an example of such an opportunity cost, consider that animals in captivity tend to sleep more than their counterparts in the wild. Although biologically identical, all else equal, the cost of sleeping is much lower in captivity than in the wild because such animals have no need to forage for food or to avoid predators. That animals vary their sleep in order to take advantage of time-varying opportunities is evidence that the deterministic two-process model is incomplete.
The main contribution of this paper is to incorporate the economic concept of opportunity cost into the widely-used and deterministic two-process model of sleep. Specifically, we augment the two-process model to allow subjects to trade off gains from sleep derived from the sleep cycle with gains from alternative, productive uses of time.
We illustrate our model with an application to elephants and sloths in the wild and in captivity. For these animals, the opportunity cost of sleep can be represented by activities such as foraging for food and avoiding predators. In the context of a mathematical model of sleep, we assume animals choose to sleep or wake in order to optimize a more general objective function incorporating gains from waking activities as well as from sleep. We show that this can lead to different and better outcomes for the animals than choices conforming to mechanical models of sleep. Since the value of waking activity changes over time and across individuals, the model generates predictions about how certain variables affect sleep. We also demonstrate that the two-process model is a special case of our economic model of sleep.
The dynamics of our model are driven by key parameter values, some of which can be estimated only by fitting to data. Data on sleep patterns of animal species facing differing opportunity cost environments are scarce. We show that by incorporating differing opportunity costs of sleep, our model is able to match the sleep patterns for wild and captive elephants and sloths.
The model can be used to approximate the relative value of sleep time for these two populations for both species. This value would be nearly impossible to measure directly as it includes so many different components. Our model and identification scheme show that the opportunity cost of sleep for wild elephants is six to seven times greater than for captive ones. We find values in that same range for sloths.
Mechanistic models of sleep, like the two-process model, miss some key forces driving behavior. Animals evolved in and confront environments where the cost of sleep changes. Sleep behavior has evolved to deal with these dynamic environments. A better understanding of sleep behavior requires learning how sleep changes as its costs change. Incorporating opportunity cost into models of sleep behavior can improve understanding of sleep in both animals and humans.
Models of sleep

Two-process model
We now provide the details of the two-process model. In the next section we present a more general sleep model which allows for choice in the timing of sleep as a function of the opportunity cost of sleep. We take our discussion and notation from [7] , but adopt a discrete-time framework rather than their continuous-time setup.
There is a baseline circadian cycle, which we will denote y t . This is a weighted sum of sine waves of various frequencies and will fluctuate between -1 and +1. There are upper and lower 
The homeostatic process which determines sleep versus waking is denoted H t . If waking it rises toward an upper asymptote of μ and if sleeping it falls toward a lower asymptote of zero, so that
where ν W is the constant half-life decay for the homeostatic process when awake and ν S is the half-life when sleeping. If the subject is awake, H t rises until it reaches the upper bound of H u t . At this point the subject sleeps and H t falls until it reaches the lower bound H l t . This is illustrated in Fig 1. 
A generalized model
In the two-process model, the twin circadian bounds (H u and H l ) determine the possibility of polyphasic sleep. Varying the parameters may admit the possibility for multiple sleep spells within a circadian cycle. When the homeostatic cycle is very steep (sleep pressure builds rapidly when awake and declines rapidly when asleep), the individual will cycle rapidly between sleeping and waking. Now assume there is an impediment or cost to switching between sleep and waking. In this case, rather than switching instantaneously, the subject when waking would stay awake until the cost of switching to sleep fell below the loss due to distance from the central cycle. As we show below, this would lead to bounds on the homeostatic process very similar to those in the two-process model. In fact, if the switching cost were constant this would give us the exact upper and lower bounds hypothesized in that model. Both our model and the two-process model ignore the deeper cycles within the circadian cycle, such as REM and non-REM sleep. The physiological necessity of prolonged, restorative sleep justifies the assumption of a fixed cost of waking. A similar justification for non-sleep utility is that productive work (foraging or other work) also cannot be efficiently done in short bursts of activity and requires extended periods of time.
In addition, our model emphasizes the utility derived from waking activities, where utility is a general economic term used to define the well-being or welfare of a subject. Sleep restores physical and mental function to an optimal level, but at the cost of foregoing other activities which are also beneficial. Deviations from the mechanical sleeping behavior suggested by a model of circadian utility are common. Why might a subject be reluctant to sleep even when the homeostatic process is above the circadian cycle? For animals, hunger could be such a motivating force. The subject may choose to remain awake and search for food because the benefit of eating exceeds the cost of lost sleep. We note in the appendix that the two-process model can be interpreted as having an implicit fixed opportunity cost. However, that model cannot be used when the opportunity cost changes over time.
In general this opportunity cost will not be constant, but may vary with the circadian cycle, and with external factors such as time of day or random acts of nature. For example, a natural disaster like a fire or flood would greatly increase the cost of sleeping and alter optimal sleep timing. Seasonal fluctuations in weather and the availability of food would also affect sleep.
Suppose that instead of hard upper and lower bounds on the homeostatic process as conjectured in the two-process model, the subject faced gradually increasing pressure to sleep or wake as distance of the homeostatic process from a single, central circadian cycle increased. Including an opportunity cost of sleep in the form of waking utility allows the subject to balance the gains from productive work (or leisure) against utility losses from sleep. The result is "soft" boundaries that vary with the value of waking activities.
To formalize this intuition, we propose a utility function, U, with two components: one, U y , based on adherence to the circadian cycle and another, U w , based on non-circadian benefits. These are shown in the following:
The first component is based on a measure of distance of the homeostatic process (H t ) from the central circadian cycle (y t ), while the second captures benefits from waking activity. The utility parameter χ is the relative weight given to U w . Note that as the parameter κ in U y approaches infinity, adherence to the circadian cycle dominates and we get the two-process model from the previous section as a special case. This is because the disutility, U y , goes to zero if |H t − y t | < 1, and it goes to infinity if |H t − y t | > 1. The sleep state A t is a binary variable equaling one when asleep and zero when awake. Non-circadian utility, U w , will depend on waking activities such as eating or providing shelter, which are, in turn, functions of non-sleep time. It is also a function of the homeostatic variable which is a measure of 'tiredness'. We use the previous period's value H t−1 since this is the level that will matter for exploiting opportunity costs. As H t−1 rises toward its upper bound, μ W , the subject becomes less able to perform well at waking activities. The parameters ξ and γ modify the benefits from waking activities. Non-circadian utility while sleeping is assumed to be zero. However, there are dynamic benefits, since sleeping reduces tiredness and this is useful in the future when the subject wakes. Opportunity cost is given by the environmental state variable, z t , which we assume follows an autogressive process.
Without loss of generality we can reformulate the homeostatic process as shown in Eq (2). We reconfigure the equation so that the upper asymptote is μ W and the lower one is μ S , with μ W > 0 > μ S :
Figs 2-4 illustrate the behavior of our model. In each figure the central circadian cycle is shown by the long dashed line. A small utility threshold away from this central cycle is shown by the two medium dashed lines. A large utility threshold is shown with the short dashed lines. The behavior of the homeostatic process is illustrated with the solid line. Fig 2 shows the behavior with a fixed cost of switching between sleep and waking only. There is no opportunity cost so the subject cares only about circadian utility, switching between waking and sleeping only when the circadian disutility is larger than the small switching cost.
Fig 3 illustrates the behavior with an opportunity cost of sleep. The subject will switch from waking to sleep when the circadian disutility is greater than the switching cost plus the opportunity cost. They will switch from sleep to waking when the circadian disutility is greater than the switching cost minus the opportunity cost. 
Modeling sleep in animals
There is an extensive literature on sleep patterns of animals. One early summary of this literature is [8] which reports sleep duration for 150 species drawn from 200 studies. A more recent study by [9] surveys the sleep behavior of insects, fish, amphibians, reptiles, birds and mammals. [10] show how a single model with different parameter values can explain variations in sleep patterns across seventeen mammal species. Almost all of these studies involved captive animals, however, and subsequent research has shown that captive sleep behavior can differ markedly from sleep behavior in the wild. Nearly 50 years ago, [11] pointed out that the duration of sleep among animals should not be considered in isolation, but instead should be considered together with other important factors of the animals' biological make up. We would therefore expect most animals in the wild to sleep less than their counterparts in captivity. Sleep studies involving wild animals are difficult to conduct and are still relatively rare, though advances in monitoring technology make them increasingly feasible.
In spite of technological barriers, for some animals data is available that permit comparisons for a species in the wild and in captivity. [12] report the study of two wild African elephant matriarchs and find an average daily sleep of 2.20 hours as compared with the 6.28 hours reported for captive zoo elephants from [13] . [14] and [15] examined the sleep behavior of three-toed sloths in the wild. They report that sloths in the wild sleep 9.63 hours per day on average. This is much less than the 15.85 hours reported by [16] for captive sloths. Elephants and sloths are interesting examples to consider because elephants are short sleepers and sloths are long sleepers.
We assume that herbivorous animals, such as elephants, use their time to either sleep or to forage. If the animal sleeps, the value of H t will fall, but no non-circadian utility is generated. If the animal is awake it will forage and foraging generates consumption according to a mathematical representation we will refer to as a production function. This, in turn, generates utility. In our model foraging includes all activities which generate well-being for the animal, not just the search for food. This includes avoiding predation, caring for young, and even play.
Our model is agnostic on whether animals consciously choose sleep or not. Our formulation neither requires nor excludes that possibility. We treat the circadian utility described above as a given; animals are endowed with this as part of their genetic heritage. Forward-looking behavior can occur even if the animal has no concept of the future and does no explicit planning. All that is required is that it be aware of its environment and be able to infer the opportunity cost of sleep, which will consist primarily of the likely reward to searching for food and avoiding predation.
The circadian cycle is given by the following simple function:
where q is the number of periods in a day. Foraging productivity depends on the stock of sleep coming into the period, H t−1 (which was determined last period) and the environmental state, z t . Circadian utility, however, depends on this stock now, which is its past value plus the increment upward or downward due to waking or sleeping today. Finally, there is a fixed utility cost of λ for transitioning from waking to sleeping and back again. This is illustrated in the equation below, where we have substituted Eq (4) into the circadian utility function. Hence, the subject comes into the period knowing H t−1 and A t−1 , chooses A t , and H t evolves given this choice. We model the animal as solving the following:
We assume that the portion of foraging production related to the environment follows a stochastic autoregressive process,
where ρ is the measure of autoregressive reversion to the mean measured in per hour terms and ε t are independent and identically distributed random variables with mean zero and variance one.
The choice of A t is a binary one; there is no marginal condition. Instead, the agent chooses the value of A t which generates the greatest utility given current values for H t , y t and z t .
Elephant behavior
We now illustrate this model with an application to elephants. [12] monitored the sleep behavior of two African Elephant matriarchs for 35 days using an activity data logger implanted subcutaneously in their trunks. Matriarch 1 averaged 2.3 hours of sleep per day, while Matriarch 2 slept an average of 1.8 hours. The standard deviations of sleep time were 1.3 and 1.0 hours. Both were polyphasic sleepers; Matriarch 1 sleeping an average of four spells per day and Matriarch 2 sleeping for five spells. Both had one main sleep episode averaging 1.3 and 0.8 hours, respectively. A number of shorter sleep episodes occurred usually before the main episode.
[13] observed the sleep patterns of two groups of captive female Asian Elephants; one group at a zoo and the other at a circus. A total of 294 elephant-nights of sleep were observed over both groups. Sleep was determined by examining videotape. Zoo elephants slept an average of 6.28 hours per night with a standard deviation of 0.21. Circus elephants slept 3.52 hours per night with a standard deviation of 0.17. They also found polyphasic sleep noting, "In all animals the hourly amount of sleep gradually increased during the course of the night, reaching a maximum between approximately 0100 and 0400 hours. The largest amounts of sleep invariably occurred after midnight."
We note that wild elephants slept only a third as many hours as captive elephants, and that the variability of time slept was five times as large. We hypothesize that wild elephants not only have higher opportunity costs of sleep time, but that the cost is also much more variable over time. Since the primary opportunity costs are likely time spent foraging for food and avoiding danger, it makes sense that these costs are both higher and more variable for elephants in the wild.
We attempt to match the sleep patterns of wild and captive zoo elephants using our model. The model has a large number of parameters. Some of these are free parameters and can be chosen only by fitting model behavior to observed data. However, many of these are not free and can be assigned values outside of a data-fitting exercise. Table 1 lists the model parameters.
We calibrate our model as follows: q is the number of model periods per day and is set to 144, giving periods of 10 minutes in length. κ is the curvature of the penalty for the homeostatic process deviating from the circadian cycle. We set this equal to 2.0, which imposes a simple quadratic penalty. η is the curvature of foraging production in response to sleep. We assume that there is no diminishing marginal product of sleep and set this value to 1.0. γ is the curvature of the non-sleep utility function. In line with values typically used in the economics literature, we set this to 0.8. ρ is the autoregressive coefficient for the environmental state, z t . We set this to 0.9 per hour which generates a large amount of persistence over time. All these values are held fixed across both species and wild versus captive animals.
Some other parameter values are constant across our simulations, but are harder to pin down. In these cases we conduct sensitivity analysis to see how our results depend on these choices. ν W and ν S are the decay half-lives associated with the homeostatic process while awake and asleep. We set these both to 8.0 hours. μ W and μ S are the asymptotic bounds for the homeostatic process when waking and asleep. Parameter values in utility and production functions allow us to normalize one of these bounds. The other is a free parameter. For elephants, which sleep little, we normalize μ W to 1.0 and leave μ S free. Sloths sleep much more and in that case we normalize μ S to 1.0. λ is the cost of switching from awake to sleeping or sleeping to awake. If this value is too high, subjects would remain always awake or asleep. If it is too low, they will engage in bouts of micro sleep; awake one moment, asleep the next, then awake again. We set this value to 0.2, which generates a realistic pattern of polyphasic sleep for both species. χ is the relative weight of sleep utility to that of foraging utility. We set this to 10.0.
Finally, we have free parameters to calibrate. For captive animals we normalize ξ, the opportunity cost of sleep, to 1.0. We choose values for μ S and σ (the standard deviation of stochastic environmental shocks, z t ) to match the daily mean and standard deviation from the data for capitve elephants to that for a simulation of our model over 100,000 days. We then set this value of μ S and proceed to match the behavior of wild elephants by changing the values of ξ and σ to match their daily mean and standard deviation. These parameter values and results of the simulations are also reported in Table 1 .
In our benchmark simulation, we find that relative to captive zoo elephants, wild ones face an opportunity cost of time ξ that is on average 6.6 times greater. In addition, the volatility of the randomness in opportunity cost is thirteen times higher.
Our model also generates polyphasic sleep roughly in line with that for wild elephants. Fig 5 shows the sleep patterns for a stylized case where there are no random shocks to foraging productivity. In this case the elephant sleeps in four equally-spaced episodes over the night. In the wild the episodes are not equally spaced, but we are able to match the number of episodes by choosing a value of λ (sleep/wake switching cost) of 0.2. For comparison, the difference in the maximum and minimum for total utility per period over the course of a day is 29.35.
What do we learn from this exercise about elephant sleep? Our model fits the observed sleep behaviors of wild and captive elephants remarkably well. We also find elephants in the wild have an opportunity cost of sleep that is 6.6 times greater than that of captive zoo elephants. The opportunity cost difference sheds light on why elephants in the wild sleep less than elephants in captivity.
Three-toed sloth behavior
We next apply our model to three-toed sloths. [14] conducted a study of Three-Toed Sloths in the wild. Their sample was three wild females who were captured and fitted with electroencephalogram (EEG) and electromyogram (EMG) recorders. A total of 12.8 days of essentially continuous recording were obtained. A second study examined two sloths over a 7-month period using radio collars and the automated radio-telemetry system (ARTS). They found that sloths in the wild sleep 9.63 hours per day on average with a standard deviation of 0.5 hours. Sloths are highly polyphasic sleepers with a tendency and to be awake during the first two- Interacting circadian and homeostatic processes with opportunity cost thirds of the night and asleep during the last. A typical sleep cycle of REM and non-REM sleep lasted 46 minutes.
In contrast, [16] examined a group of 24 captive sloths using similar EEG equipment. Sleep patterns were observed over a period of two months. They found an average sleep time of 15.85 hours per day. They also document a great deal of polyphasic sleep.
As with elephants, we hypothesize that differences in opportunity costs between wild and captive sloths drives the observed differences in sleep patterns. Again we calibrate our model first using data on captive sloths and then determine the level of opportunity cost needed to generate observed sleep patterns in the wild. We use the same calibrated parameters as with elephants except for the values shown in Table 2 . The table shows that the opportunity cost for wild sloths is about five time higher than that for captive sloths. We have no data on the standard deviation of sleep time for captive sloths, so we hold the value of σ the same over both groups. In a follow-up study to [14] , [15] show that differences in wild versus captive sleep patterns cannot be due to predation risk. They examine two groups of sloths, one on the mainland with natural predators and the other on an island with no predators present. They find no statistical difference in hours slept between these two groups. Hence, we conclude that all sleep differences are driven by foraging opportunity costs.
We are also able to generate sleep patterns over the day that match those of wild sloths. Fig  6 shows the timing of sleep for a stylized day with no random shocks to opportunity cost. There are 25 sleep episodes with shorter duration as the circadian cycle rises and longer duration as it falls. As with elephants, the switching cost in our calibration is λ = 0.2, but now the difference between high and low utility over the full 24-hour day is 69.32.
In sum, we find that our model fits the difference between wild and captive sloths quite well. We find that the opportunity cost of sleep for wild sloths is six times greater than for captive sloths, a number remarkably similar to that for elephants.
Sensitivity analysis
We check the robustness of our results by comparing the relative opportunity costs for different parameterizations of our model. We focus our sensitivity analysis on parameters for which values are not easily found in the existing literature. The parameters are: 1) the half-lives, ν W and ν S , 2) the weight of sleep in total utility, χ, and 3) the switching cost, λ. We look at a change in the degree of diminishing marginal utility in non-sleep utility as measured by γ.
Results of the sensitivity analyis are shown in Table 3 . For our first alternative parameterization (labeled B) we drop the half-lives for the homeostatic process from 8.0 hours to 4.0 hours. This means that this process converges more quickly to the bounds. As a result the homeostatic process veers away from the circadian cycle more and the subject pays a higher cost for Interacting circadian and homeostatic processes with opportunity cost deviating from the circadian cycle. This means a higher opportunity cost of sleep is required to rationalize observed sleep patterns. For elephants, the opportunity cost for wild animals more than doubles from 6.619 to 14.103. For sloths it increases by 40 percent from 6.283 to 8.847. For our second alternative (labeled C) we increase the weight in total utility from 10.0 to 20.0. This should yield results that are qualitatively the same as lowering half-lives. Table 3 confirms this with elephant opportunity cost rising to 16.744 and sloth opportunity cost rising to 9.400.
We lower the cost of sleep switching from 0.2 to 0.02 for our third alternative, D. In this case we observe little change in the implied opportunity cost for wild animals. However, as expected, we do observe a large increase in polyphasic sleep. Contrast Fig 7 with the benchmark case in Fig 5. The number of sleep episodes increases from four to ten.
Lastly, we change the value of γ from 0.8 to 1.0 which we label E. This makes non-sleep utility linear in the amount of foraging done. In economic terms it means that marginal utilitythe change in utility as foraging production changes-does not diminish as more foraging output goes up. There is little change for the implied opportunity cost for elephants, but the cost falls by 27 percent to 4.585. As expected, altering the relative cost of sleep as in scenarios B and C, raises the imputed opportunity costs. However our costs are more robust for the other two scenarios. Even when the opportunity costs change substantially, they do not do so by orders of magnitude. The largest change is scenario C for elephants where the cost rises by a factor of 2.53. We view this as cause for cautious optimism regarding the usefulness of the model. Despite the small amount of data relative to the number of model parameters, the model generates opportunity cost estimates that do not vary wildly across the choices of parameter values.
Conclusions
This paper introduces a new model of sleep for animals. It extends the classic two-process model of sleep to account for differences in external circumstances. We apply this model to previously-collected data on elephants and sloths, comparing sleep patterns in the wild with sleep patterns in captivity. We find that the model does well in explaining sleeping patterns for both types of animals, in both the captive state and in the wild state.
The model is sufficiently flexible that it can be applied to all animal life forms, including humans. The key insight is that sleep is not a purely biological function, but is also a function of the immediate environment and circumstances of the animal. The direct inference from this is that sleep is a dynamic process; it will vary depending on whether an animal is in captivity or in the wild, but it will also likely vary across the year, depending on the external circumstances the animal faces. For example, our model predicts that predators with fixed territories will have very different sleep patterns when migrating prey are abundant compared to when they are scarce. Any measurement of sleep will be conditional on the particular conditions.
Understanding the role opportunity cost plays is important to understanding sleep patterns in animals and in people. This is particularly true in assessing sleep health. Because it ignores benefits other than those accruing from sleep, a purely mechanical model of sleep, like the two-process model, will prescribe optimal sleep patterns that are not consistent with changes Interacting circadian and homeostatic processes with opportunity cost in the environment and therefore are not truly optimal. The cost of lost sleep may be more than offset by the benefits of increased consumption of food or avoidance of predators. Sleep may be driven primarily by instinct, but that instinct is the result of evolutionary pressure in the face of environments where opportunity cost can and does change.
Appendices
Fixed opportunity cost is implicit in the two-process model
With a small switching cost, the subject will sleep and H t will fall until it reaches the lower bound. Then the subject will wake and H t will rise until it reaches the upper bound. Suppose μ W = −μ S and ν W = ν S . Then the subject will sleep exactly half the time. The reason is that the homeostatic process moving upward (while awake) is perfectly symmetric with the process moving downward (while sleep). Now suppose we add an opportunity cost of sleeping. We can think of circadian utility as some measure of the distance between H t and y t , i.e. u = u(H t − y t ). We are now adding an additional amount of utility that derives simply from being awake. Suppose this is a constant, � u. If sleeping, the subject will remain sleeping until the disutility from H t falling below y t plus the opportunity cost is greater than the cost of waking up. In the two-process model this would be achieved by increasing the value of μ S , so that the lower bound is reached sooner. Similarly, if waking, the subject remains awake until the circadian cost of waking plus � u is less than the switching cost, and the upper bound is reached later. This is achieved by raising the value of μ W .
Raising μ W and μ S will result in less sleep and more time awake. Hence, the value of the homeostatic process asymptotes relative to the peaks and troughs of the circadian cycle (normalized to 1 and -1) is what reflects the implicit opportunity cost in the two-process model.
Calibration details
We match the mean and standard deviation of daily hours slept in our model to data collected on wild and captive animals. We do so by choosing two parameter values. For captive animals these are either μ S or μ W along with σ. For wild animals we choose ξ and σ.
We use the following process. First, we draw a series of 14,400,000 random draws from a standard normal distribution. We save these draws and use them in each simulation. We then proceed to simulate our model for some starting guesses of the two parameter values. For each 10-minute period in the simulation the subject is either awake or asleep. When the simulation is finished, we divide the data up into 100,000 days and take the average and standard deviation of hours slept per day. We compare these with the relevant values from animal studies. We use the SciPy package in Python to minimize the sum of absolute differences between the simulation and the data. The fmin function in SciPy uses a Nelder-Mead simplex algorithm to find the minimum for this sum of two absolute differences. 
